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^ ; Abstract 

This article is the second part of a series of three articles about compatible systems of sym- 

t-H I plectic Galois representations and applications to the inverse Galois problem. 

^^ ' This part is concerned with symplectic Galois representations having a huge residual image, 

(-H ■ by which we mean that a symplectic group of full dimension over the prime field is contained up 

t^ i to conjugation. We prove a classification result on those subgroups of a general symplectic group 

over a finite field that contain a nontrivial transvection. Translating this group theoretic result into 

the language of symplectic representations whose image contains a nontrivial transvection, these 

fall into three very simply describable classes: the reducible ones, the induced ones and those 

^ ■ with huge image. Using the idea of an (n,p)-group of Khare, Larsen and Savin we give simple 

jy-, . conditions under which a symplectic Galois representation with coefficients in a finite field has a 

lO , huge image. Finally, we combine this classification result with the main result of the first part to 

obtain a strenghtened application to the inverse Galois problem. 
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1 Introduction 



This article is the second of a series of three about compatible systems of symplectic Galois repres- 
entations and applications to the inverse Galois problem. 

This part is concerned with symplectic Galois representations having a huge image: For a prime i, 
a finite subgroup G C GSp,„(F£) is called huge if it contains a conjugate (in GSp„(F£)) of Sp„(Ff). 
By Corollary II. 3 I below this notion is the same as the one introduced in Part I ( IIAdDW12ll ). 
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Whereas the classification of the finite subgroups of Sp„(F£) appears very complicated to us, it 
turns out that the finite subgroups containing a nontrivial transvection can be very cleanly classified 
into three classes, one of which is that of huge subgroups. This is the main group theoretic result 
of this article (see Theorem 11.11 below). Translating this group theoretic result into the language of 
symplectic representations whose image contains a nontrivial transvection, these also fall into three 
very simply describable classes: the reducible ones, the induced ones and those with huge image (see 
Corollary [Oil. 

Using the idea of an (n,p) -group of HKLSOSL some number theory allows us to give very simple 
conditions under which a symplectic Galois representation with coefficients in F^ has huge image (see 
Theorem ll.4l below). 

This second part is independent of the first, except for Corollary 11.51 which combines the main 
results of Part I, and Part II. In the third part of this series of articles, a compatible system satisfying 
the assumptions of Corollary 1 1.5 1 will be constructed. At the moment, the third part is in preparation. 

Statement of the results 

In order to fix tenninology, we recall some standard definitions. Let K be. a field. An n-dimensional 
K-vector space V equipped with a symplectic form (i.e. nonsingular and alternating), denoted by 
{v,w) = V • w for v,w £ V, is called a symplectic K-space. A K-subspace W <Z V is called a 
symplectic K-subspace if the restriction of {v ,w) to W x W is nonsingular (hence, symplectic). 

The general symplectic group GSp(y, (•, •)) =: GSp(y) consists of those A G GL(y) such that 
there is a £ K^ , the. multiplier of A, such that we have {Av)»{Aw) = a{vw) for all v,w ^V. The 
symplectic group Sp(y, (•, •)) =: Sp(F) is the subgroup of GSp(y) of elements with multipher 1. 

An element r € G'L{V) is a transvection if r — idy has rank 1, i.e. if r fixes a hyperplane 
pointwisely, and there is a line U such that t{v) — v G U for all v £ V. The fixed hypeiplane is 
called the axis of r and the line U is the centre (or the direction). We will consider the identity as a 
"trivial transvection". Any transvection has determinant 1. A symplectic transvection is a transvection 
in Sp(l^). Any symplectic transvection has the form 

r„[A] G Sp(y) :u^u + X{u,v)v 

with direction vector v £V and parameter X e K (see e.g. IIArt571 . pp. 137-138). 

Our classification result on subgroups of general symplectic groups containing a nontrivial trans- 
vection is the following. 

Theorem 1.1. Let K be a finite field of characteristic at least 5 and V a symplectic K-vector space of 
dimension n. Then any subgroup G of GS'piV) which contains a nontrivial symplectic transvection 
satisfies one of the following assertions: 

1. There is a proper K-subspace S dV such that G{S) = S. 



2. There are nonsingular symplectic K-subspaces Si <Z V with i = 1, . . . ,h of dimension mfor 
some m < n such that V = ©jLi Si and for all g ^ G there is a permutation Gg G Syni^j 
(the symmetric group on {1, . . . , h}) with g{Si) = S„ uy Moreover, the action of G on the set 
{5i, . . . , 5/i} thus defined is transitive. 

3. There is a subfield L ofK such that the subgroup generated by the symplectic transvections ofG is 
conjugated (in GSp(y)j to Sp„(L). 

The main purpose Section |2]is to prove this theorem. For our application to Galois representations 
we provide the following representation theoretic reformulation ofTheorem ll.il 

Corollary 1.2. Let I be a prime at least 5, let T be a compact topological group and 

p:T^ GSpjF,) 

a continuous representation (for the discrete topology on F^j. Assume that the image of p contains a 
nontrivial transvection. Then one of the following assertions holds: 

1. pis reducible. 

2. There is a closed subgroup F' C T of finite index h \ n and a representation p' : T' ^ GSp^ /f^{¥i) 
such that p = Indp/(/j'). 

3. There is a subfield L of K such that the subgroup generated by the symplectic transvections in the 
image of p is conjugated (in GSp(y)j to Sp„(L); in particular, the image is huge. 

The following corollary shows that the definition of a huge subgroup of GSp,„(Ff), which we gave 
in Part I IIAdDW12L coincides with the simpler definition stated above. 

Corollary 1.3. Let K be a finite field of characteristic i > 5, V a symplectic K -vector space of 
dimension n, and G a subgroup of GSp(y) which contains a symplectic transvection. Then the 
following are equivalent: 

(i) G is huge. 

(ii) G contains a subgroup which is conjugate (in GSp(y)j to Sp„(F^). 

(Hi) There is a subfield L of K such that the subgroup generated by the symplectic transvections of 
G is conjugated (in GSp(y)j to Sp„(L). 

Combining our group theoretic results with (n,p)-groups, introduced by HKLSOSII . some number 
theory allows us to prove the following theorem: 

Theorem 1.4. Let n be an even number, /c € N and i > kn\ + 1 a prime number Let N (^ 'N be 
an integer, not divisible by i, say N = Ni ■ N2 with gcd(A^i, N2) = 1. Let Lq be the compositum of 
all number fields of degree < n/2, which are ramified at most at the primes dividing N2 (which is a 



number field). Let q^ Hhe a prime which is completely split in Lq, and let p ^ i be a prime dividing 
g" — 1 but not dividing q^ — 1, and p = 1 (mod n). Let Xq ■ Gq n ~^ Qe ^^ '^ character satisfying 
the assumptions ofLemma \3.1\ andXq the composition ofxq with the reduction map %i -^ F^. 
Let 

P-.Gq^ GSp„(f£) 

be a Galois representation, regular of inertial weights at most k, ramified only at the primes dividing 
Nqi such that (1) Res^.*^ (p) = Ind^ ' {Xq)y (^) the image of p contains a nontrivial transvection 
and (3) for all primes ii dividing Ni, the image by p of I(,^, the inertia group at li, has order prime 
to n\. 

Then the image of p is a huge subgroup ofGSp^{¥i). 

Combining Theorem 1 1.41 with the results of Part I of this series (' IIAdDW12ll ) yields the following 
corollary. 

Corollary 1.5. Let n,N (^ N be integers with n even and N = Ni ■ N2 with gcd(A''i, A^2) = 1- Let 
Lq be the compositum of all number fields of degree < n/2, which are ramified at most at the primes 
dividing N2 (which is a number field). Let q be a prime which is completely split in Lq, and let p be 
a prime dividing q"' — 1 but not dividing q2 — 1, and p = 1 (mod n). Let Xq '■ Gq „ — > Z be 
a character such that its composite with Z '^-^ Q^ satisfies the assumptions of Lemma \3. 1 1 for all 
primes i \ pq. 

Let p, = {p\)x(where A runs through the finite places of a number field L) be an n-dimensional 
a. e. absolutely irreducible a.e. symplectic compatible system, as defined in Part I ( HAdDW12\l }. for 
the base field Q, which satisfies the following assumptions: 

• For all places A the representation px is unramified outside Nqi, where £ is the rational prime 
below A. 

• There is a positive integer k such that, for all but possibly finitely many places A of L, the 
reduction mod A of px is regular in the sense ofDefinition \3.2\ with inertial weights at most k. 

• The multiplier of p, is a finite order character times a power of the cyclotomic character 

• For all but possibly finitely many places A the residual representation 'px contains a nontrivial 
transvection in its image. 

• For all places A not above q one has Res^^ {px) = Ind,^ "^ {Xq)> where Xq is embedded into 

Q^ via A. 

• For all primes ii dividing Ni and for all but possibly finitely many places A, the group 'px {lii ) 
has order prime to n\ (where I^^ denotes the inertia group at £1). 



Then for any d \ 2— there exists a set of places C^ of L of positive density such that for each 
Cd the image ofp^"^ is PGSp„(F£d) or PSp„(F£d), where i is the rational prime below A. 

The proofs of Theorem II .41 and Corollary ll.5l are given in Section|3] 
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2 Symplectic representations containing a transvection 

In this section our group theoretic results will be proved. This part was inspired by the work of 
Mitchell on the classification of subgroups of classical groups. In an attempt to generalise Theorem 1 
of IIMitl4ll to arbitrary dimension, one of us (S. A.-d.-R.) came up with a precise strategy for The- 
orem [ITT] Several ideas and some notation are borrowed from [ILZ82II . 

2.1 Symplectic transvections in subgroups 

Recall that the full symplectic group is generated by all its transvections. The main idea in this part is 
to identify the subgroups of the general symplectic group containing a transvection by the centres of 
the transvections in the subgroup. 

Let i^ be a finite field of characteristic i and V a symplectic i^-vector space of dimension n. 
Let G be a subgroup of GSp(y). A main difficulty in this part stems from the fact that K need not 
be a prime field, whence the set of direction vectors of the transvections contained in G need not be 
a if- vector space. Suppose, for example, that we want to deal with the subgroup G = Sp„(L) of 
Sp„ {K) for L a subfield of K. Then the directions of the transvections of G form the L- vector space 
L" contained in A'". It is this what we have in mind when we introduce the term (L, G) -rational 
subspace below. In order to do so, we set up some more notation. 

Write £(G) for the set of / t; e F such that r^,[A] G G for some A G K. More naturally, this 
set should be considered as a subset of F{V), the projective space consisting of the lines in V. We call 
it the set of centres (or directions) of the symplectic transvections in G. For a given nonzero vector 
V ^V , define the parameter group of direction v in G as 

V,{G) ■.= {\eK\ T,[\] G G}. 

The fact that T^,(/x) o Tt,(A) = Ty{^ + A) shows that Vv{G) is a subgroup of the additive group of K. 
If if is a finite field of characteristic (,, then Vv (G) is a finite direct product of copies of Z/iZ. Denote 
the number of factors by rkt,(G). Because of Vxv{G) = -^Vv{G) for A G if ^, it only depends on 
the centre U := {v)k G 'C(G) C ¥{V), and we call it the rank ofU in G, although we will not make 
use of this in our argument. 



We find it useful to consider the surjective map 

^ : V X K — '■ "^ — > {symplectic transvections in Sp(y)}. 

The multiplicative group K^ acts on V x K via x{v,X) := {xv,x~'^X). Passing to the quotient 
modulo this action yields a bijection 

{V \ {0} X K)/K^ — '- — > {nontrivial symplectic transvections in Sp(y)}. 

When we consider the first projection -Ky '-V x K ^^ V modulo the action of K^ we obtain 

TTv-{V\ {0} X K)/K'' -^ F{V), 

which con^esponds to sending a nontrivial transvection to its centre. Let M^ be a K-subspace of V. 
Then $ gives a bijection 

{W \ {0} X K)/K^ — '- "^ — )■ {nontrivial symplectic transvections in Sp(V) with centre in W}. 

Let L be a subfield of K. We call an L- vector space Wl ^ V L-rational if dimi^ Wk = dimj;, Wl 
with Wk := {Wl)k and (•, •) restricted to Wl x Wl takes values in L. An L-vector space Wl C V 
is called {L, G)-rational if Wl is L-rational and $ induces a bijection 

(Wl \ {0} X L)/L^ — — ;► Gn {nontrivial sympl. transvections in Sp(y) with centre in Wk}- 

Note that [Wl \ {0} x L)/L'^ is naturally a subset of {Wk \ {0} x K)/K'^. A if-subspace W QV 
is called (L, G)-rationalisable if there exists an (L, G)-rational Wl with Wk = W . We speak of 
an (L, G)-rational symplectic subspace Wl if it is (L, G)-rational and symplectic in the sense that 
the restricted pairing is non-degenerate on Wl- Let Hl and II be two (L, G)-rational symplectic 
subspaces of V. We say that Hl and II are {L, G)-linked if there is 7^ /i G Hl and ^ w £ II 
such that /i + w £ C{G). 

2.2 Strategy 

Now that we have set up all notation, we will describe the strategy behind the proof of Theorem 11.11 
as a service for the reader. 

If one is not in case 1., then there are 'many' transvections in G, as otherwise the i^-span of C{G) 
would be a proper subspace of V stabilised by G. The presence of 'many' transvection is used first in 
order to show the existence of a subfield L C K and an (L, G) -rational symplectic plane Hl ^ V. 
For this it is necessary to replace G by one of its conjugates inside GSp(y). The main ingredient 
for the existence of (L, G)-rational symplectic planes, which is treated in Section 12.41 is Dickson's 
classification of the finite subgroups of PGL2(F^). 

The next main step is to show that two (L, G)-linked symplectic spaces in V can be merged 
into a single one. This is the main result of Section 12.51 The main input is a result of Wagner for 
transvections in three dimensional vector spaces. 



The merging results are applied to extend the (L, G)-rational symplectic plane further, using again 
the existence of 'many' transvections. We obtain a maximal (L, (S')-rational symplectic space II '^V 
in the sense that C{G) C Ik U I^, which is proved in Section [Z6l The proof of Theorem 11.1 l ean 
be deduced from this (see Section 12.71 ) because either Ik equals V, that is the huge image case, or 
translating Ik by elements of G gives the decomposition in case 2. 

2.3 Simple properties 

We use the notation from the Introduction. In this subsection we list some simple lemmas illustrating 
and characterising the definitions made above. 

Lemma 2.1. Let v € C{G). Then {v)l is an (L, G)-rational line if and only ifVv{G) = L. 

Proof. This follows immediately from that fact that all transvections with centre {v)k can be written 
uniquely as T^ [A] for some A e K. D 

Lemma 2.2. Let Wl C V be an (L, G)-rational space and Ul an L-vector subspace ofWi- Then 
Ul is also (L, G)-rational. 

Proof. We first give two general statements about L-rational subspaces. Let ui, . . . , n^ be an L-basis 
of Ul and extend ithy wi, . . . ^We io an L-basis of Wl. As Wl is L-rational, the chosen vectors 
remain linearly independent over K, and, hence, Ul is L-rational. Moreover, we see, e.g. by writing 
down elements in the chosen basis, that Wl n Uk = Ul. 

It is clear that $ sends elements in {Ul x L)/L^ to symplectic transvections in G with centres 
in Uk- Conversely, let r„[A] be such a transvection. As Wl is (L, G) -rational, r„[A] = Tu[^j\ with 
some u G Wl and /i E L. Due to Wl n Uk = Ul, 'we have u G Ul and the tuple {u, fi) lies in 
UlxL. D 

Lemma 2.3. Let Wl ^ V be an L-rational subspace of V. Then the following assertions are equi- 
valent: 

(i) Wl is (L, G)-rational. 

(ii) (a) TwAL] ■■= {Tv[X] \ X (£ L, V e Wl} ^ G and 

(b) for each U e £{G) C F{V) with U C Wk there isau ^UHWl such that Vu{G) = L 
(i.e. {u)l is an (L, G)-rational line contained in U by Lemma lZll . 

Proof '(i) =^ (ii):' Note that (a) is clear. For (b), let U G £(G) with U C Wk- Hence, there is n G [/ 
and A G K^ with r„[A] G G. As Wl is (L, G)-rational, we may assume that u G Wl and A G L. 
Lemma |2!2] implies that {u)l is an (L, G)-rational line. 

'(ii) => (i):' Denote by l the injection {Wl \ {0} x L)/L'' ^ {Wk \ {0} x K)/K''. By (a), 
the image of <I> o t lies in G. It remains to prove the surjectivity of this map onto the symplectic 
transvections of G with centres in Wk. Let r^[A] be one such. Take U = {v)k- By (b), there is 



f € [/ such that Ul = {vo)l ^ Wl is an (L, G) -rational line. In particular, T„[A] = T„q[/x] with 
some /i G L, finishing the proof. D 

Lemma 2.4. Let A G GSp(y) with multiplier a G K^. Then ^rj,[A]yl"^ = Tai>[^]. In particular, 
the notion of{L, G)- rationality is not stable under conjugation. 

Proof. For all w £ V, AT^[X\A~^{w) = A{A~^w + X{A'^w • v)v) = w + \{A~^w • v)Av. 
Since A has multiplier a, w • Av = a{A~^w • v), hence ATy[X]A~'^{w) = w + -{w • Av)Av = 
Tav[^]{w). D 

Lemma 2.5. The group G maps C{G) into itself. 

Proof Letfif G Gandu; G /:(G), say r„[A] G G. Then bv Lemmal24lwe have aT.., [A] q~^ = Tgu,[^], 
where a is the multiplier of g. Hence, g{w) G C{G). D 

The following lemma shows that the natural projection yields a bijection between transvections in 
the symplectic group and their images in the projective symplectic group. 

Lemma 2.6. Let V be a symplectic K -vector space, Q ^ ui,U2 ^V. IfTuj [Ai]"^^^^ [A2] G {a • Id : 

aeK''},thenTuAXi] = Tu,[X2]. 

Proof Assume TuA>^i]-'^Tu^[X2] = aid. Then for all v e V, Tu^[X2]{v) - r„,[Ai](av) = 0. In 
particular, taking v = ui, Tu2[X2]{ui) — Tuj[Xi]{aui) = ui + X2{ui • U2)u2 — aui = 0, hence 
either ui and U2 are linearly dependent or a = 1 (thus both transvections coincide). Assume then 
that U2 = hui for some h G K^ . Then for all u G F we have Tf,„JA2](w) — T„JAi](au) = 
V + X2b'^{v • ui)ui — av — Xia{v • ui)ui = (a — l)v + (A2&^ — aXi){v • ui)ui = 0. Choosing v 
linearly independent from ui, we obtain a = 1, as we wished to prove. D 

2.4 Existence of (L, G')-rational symplectic planes 

Let, as before, K be a finite field of characteristic i, V a. n-dimensional symplectic i^-vector space 
and G C GSp(F) a subgroup. We will now prove the existence of (L, G)-rational symplectic planes 
if there are two transvections in G with nonorthogonal directions. 

Note that any additive subgroup H (1 K can appear as a parameter group of a direction. Just take 
G to be the subgroup of GSp(y) generated by the transvections in one fixed direction with parameters 
in H. It might seem surprising that the existence of two nonorthogonal centres forces the parameter 
group to be the additive group of a subfield L of K (up to multiplication by a fixed scalar). This is the 
contents of Proposition 12.111 which is one of the main ingredients for this article. This proposition, 
in turn, is based on Proposition 12.71 going back to Mitchell (cf. BMitllH ). To make this exposition 
self-contained we also include a proof of it, which essentially relies on Dickson's classification of the 
finite subgroups of PGL2(F^). Recall that an elation is the image in PGL(y) of a transvection in 

GL(y). 



Proposition 2.7. Let V be a 2-dimensional K-vector space with basis {ei, 62} and T C PGL(y) a 
subgroup that contains two nontrivial elations whose centers Ui and U2 are different. Let £™ be the 
order of an i-Sylow subgroup ofV. 

Then K contains a subfield L with i"^ elements. Moreover, there exists A € PGL2(i^) such that 
AUi = (ei)x. AU2 = {e2)K, and AT A"'^ is either FGL{Vl) orFSL{VL), where Vl = {€1,62)1- 

Proof. Since there are two elations ri and T2 with independent directions Ui and U2, Dickson's clas- 
sification of subgroups of PGL2(F^) (Section 260 of IIDic58ll ) implies that there is B e PGL2(A') 
such that BTB-^ is either PGL{Vl) or FSL{Vl), where L is a subfield of K with ^™ elements. By 
Lemma f2A[ the direction of BTiB~^ is BUi for i = 1, 2 and the lines BUi are of the form {di)K 
with di € Vl for i = 1,2. As VSL{Vl) acts transitively on Vl, there is C G PSL(Vl) such that 
CUi = {eijK and CU2 = {62) k- Setting A := CB yields the proposition. D 

Although the preceding proposition is quite simple, the very important consequence it has is that 
the conjugated elations ATiA~^ both have direction vectors that can be defined over the same L- 
rational plane. 

Lemma 2.8. Let V be a 2-dimensional K-vector space, G C GL(y) containing two transvections 
with linearly independent directions Ui and U2. Let i"^ be the order of any i-Sylow subgroup ofG. 

Then K contains a subfield L with l"^ elements and there are A G GL(y) and an (L, AGA~^)- 
rational plane Vl '^V. Moreover, A can be chosen such that AUi = Uifor i = 1,2. Furthermore, if 
ui G Ui and U2 G U2 are such that ui •U2 G L^, then Vl can be chosen to be {ui,U2)l- 

Proof. We apply Proposition 12.71 with ei = ui, 62 = U2, and F the image of G in PGL(y), and 
obtain A G GL(F) (any lift of the matrix provided by the proposition) such that ATA"^ equals 
FSL{Vl) or FGL{Vl) for the L-rational plane Vl = {ui,U2)l ^ V, and AUi = Ui for i = 1, 2. For 
FSL{Vl) and PGL{Vl) it is true that the elations contained in them are precisely the images of Tv[X\ 
for V ^Vl and A G L. 

First, we know that all such Ty[\] are contained in SL(Vi,) and, thus, in AGA~^ (since AYA~^ 
is PSL(Vi,) or FGh{VL)). Second, by Lemma [Z6l the image of %[X\ in ^F^"^ has a unique lift to 
a transvection in SL(Vl) C AGA^"^, namely T^[A]. This proves that the transvections of AGA~^ are 
precisely the Ty[\] for u G Vl and A G L. Hence, Vl is an (L, AG^d"^) -rational plane. D 

Lemma 2.9. Let C/i, C/2 G ^{G) be such that H = Ui (BU2 is a symplectic plane in V. By Gq we 
denote the subgroup {5 G G | g{H) C H} and by G\h the restrictions of the elements ofGo to H. 
Then C{G\h) C C{G) (under the inclusion ¥{H) C ¥{V)). 

Proof. Let tj G G be transvections with directions Ui fori = 1,2. Clearly, Ti,r2 G Gq and their 
restrictions to H are symplectic transvections with the same directions. Consequently, Lemma |2^ 
provides us with A G Gh{H) and an (L, j4GA~^) -rational plane Hl Q H. 

Let U G C{G\h)- This means that there is g G Go such that g\H is a transvection with direc- 
tion U , so that Ag\HA'^^ is a transvection in AG\hA~^ with direction AU by Lemma 1241 As Hl 



is (L, AG\h A~^)-rationa[, all transvections Ti,[X] for v G i/^ and A € L lie in AG\hA~^, whence 
AG\hA~^ contains SL{Hl). Consequently, there is h e AG\hA~^ such that hAU = AUi. But 
A~^hA € G\h, whence there is 7 e Go with restriction to H equal to A~^hA. As 'yH C H, 
it follows that 7C/ = jIhU = A~^hAU = Ui. Now, 7~^ri7 is a transvection in G with centre 
7-IC/1 = u, showing [/ G /:(G). D 

Corollary 2.10. Let Ui,U2 G 'C(G) be such that H = Ui®U2 is a symplectic plane in V. By Gq we 
denote the subgroup {g ^ G \ g{H) C H} and by G\h the restrictions of the elements of Gq to H. 
Then the transvections ofG\H are the restrictions to H of the transvections ofG with centre in H. 

Proof. Let T be the subgroup of G generated by the transvections of G with centre in H. We can 
naturally identify T with T\h- Let U be the subgroup of G\h generated by the transvections ofG\H- 
We have that TIh C U. 

Applying Lemma I2l8] to the i^- vector space H and the subgroup U C Gh{H), there exists a 
subfield L d K, and an L-rational plane Hl such that U is conjugate to Sh{HL), hence U ~ SL2(L). 
Applying Lemma [Z8] to the ET-vector space H and the subgroup T\h, we obtain a subfield L' C K, 
and an L'-rational plane Hy such that T\h is conjugate to SL(i?i/), hence H ~ SL2(-L'). But 
C{T\h) = C{G) DH = C{G\h) = C{U) by Lemma [191 whence L = L' and the cardinalities of U 
and T\h coincide. Therefore they are equal. D 

Proposition 2.11. Let C/i, C/2 G '^(G) ^ ¥{V) which are not orthogonal. Then there exist a subfield 
L < K, A G GSp(y), and an L-rational symplectic plane Hl such that AUi C Hk, AU2 Q Hk 
and such that Hi is {L, AG A~^) -rational. Moreover, if we fix ui S Ui, U2 S U2 such that ui • U2 & 
L^, we can choose Hl = {ui,U2)l cind A satisfying AUi = Ui, AU2 = U2. 

Proof. Let H = f/i0f/2 and note that this is a symplectic plane. Define Go and G|// as in Lemma |2!9l 
Lemma ITS) provides us with B G GL{H) such that BUi = Ui for i = 1,2 and such that Hl = 
{ui,U2)l is an (L, i?G|//i?~^)-rational plane. We choose A G GSp(y) such that AH C H and 
A\h = B (this is possible as any symplectic basis of H can be extended to a symplectic basis of V). 
We want to prove that Hl is an (L, ylGA~^) -rational symplectic plane in V. 

And, indeed, by Corollary 12.101 the nontrivial transvections of AGA~^ with direction in H 
coincide with the nontrivial transvections of BG\hB~^, which in turn correspond bijectively to 
{Hl \ {0} X L)/L. 

D 

Note that Theorem II. H is independent of conjugating G inside Sp(y). Hence, we will henceforth 
work with (L, G)-rational symplectic spaces (instead of (L, ylGA"^) -rational ones). 

Corollary 2.12. (a) Let Hl be an L-rational plane which contains an (L, G)-rational line Ui^l cis 
well as an L-rational line U2^l not orthogonal to Ui^l with C/2, A' ^ ^{G). 

Then Hl is an (L, G)-rational symplectic plane. 
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(b) Let Ui^L = (^i)l be an (L, G)-rational line and U2 = {u2)k £ >C(G) such that ui • U2 € L^- 
Then {ui,U2)l i^ cm (L, G)-rational symplectic plane. 

Proof, (a) Fix ui € C/i,l and U2 € C/2,L such that ui»U2 = 1, and call Wl = {ui,U2)l- Apply 
Proposition [rni we get L C K and A e GSp(l/) such that {AUi^l)k = {ui)k, AU2 = {u2)k and 
Wl is {L, ^G^~^)-rational. Let oi, 02 S K^ be such that Aui = aiui and Au2 = 02^2- The proof 
will follow three steps: we will first see that Vu2 (G) = L, then we will see that H^ satisfies Lemma 
I2.3l -Cii")(a) and finally we will see that Hi satisfies Lemma|23]-(ii)(b). 

Let a be the multiplier of A. First note the following equality between a, oi and 02: 

1 = ui •U2 = —[Aui • Au2) = —[aiUi • a2U2J = . 

a a a 

Recall that VaviG) = -^V.v{G), and, from LemmalZ4lit follows that Vav{AGA~^) = ^K{G). 

On the one hand, since Ui^l is (L, G)-rational and ui € Ui^l, we know that Vui{G) = L by 
Lemma 12^] On the other hand, since {ui)l is (L, AGj4~^)-rational, VuiiAGA^"^) = L, hence 
Vu^{G) = -%L. We thus have -^ € -L. Moreover, since {u2)l is (L, y4GA~^)-rational (e.g. using 

Lemma im. we have that Vu^iAGA'^) = L, hence Vu^iG) = ^L = ^L = ^L = L. This 
proves that {u2)l is {L, G)-rational by Lemma IZT] 

Next we will see that Tn^iL] C G. Let 61,62 S L with 61 / and A G L^. Consider the 
transvection Th^ui+b2U2 W- We want to prove that it belongs to G. We compute 

Albiui+b2U2[MA = ^ A(biui+b2U2)[~\ — -'^biaiui+b2a2U2[~\ = ^„, i ^2^„„l. J- 

Note that since ^ = ^- £ L and since Wl = {ui,U2)l is (L, ^GA~) -rational, it follows that 
ATh-^u-^+b2U2[^]A~^ € AGA~^, and therefore Tb^uj+h2M2[-^] ^ G. Note that the same conclusion is 
valid for 61 = as {u2)l is {L, G)-rational. 

Finally it remains to see that ifUe C{G) n {Hl)k, then there i&u eU DHl with VuiG) = L. 
Assume that U € C{G) H {Hl)k- Since we have seen that {u2)l is {L, G)-rational, we can assume 
that U 7^ {u2)k- Therefore we can choose an element v £ U with v = ui + bu2, for some h £ K. 
It suffices to show that b £ L. Let Tv[X] G G be a transvection with direction U. Then computing 
AT^[A]A~^ as above, we get that ATj,[A]74~^ = T bo^ [^] is a transvection with direction in 

C{AGA~^) n Wl, hence the (L, AGA~^) -rationality of Wl implies that 6 e L. 

(b) follows from (a) by observing that the condition ui • U2 G L^ ensures that {ui,U2)l is an 
L-rational symplectic plane. D 

The next corollary says that the translate of each vector in an (L, G)-rational symplectic space by 
some orthogonal vector w is the centre of a transvection if this is the case for one of them. 

Corollary 2.13. Let Hl '^V be an (L, G)-rational symplectic space. Let w G Hj^ and ^ h £ Hl 
such that {h + w)k G ^(G). Then {hi + 'w)l is an (L, G)-rational line for all 7^ /ii G Hl. 
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Proof. Assume first that Hl is a plane. Let h € Hl with h • h = 1 (hence Hi = {h, h)i). As {h)^ 
is an (L, G)-rational fine and h • {h-\-w) = l,ii follows that (/i, h + w)l is an (L, G)-rational plane 
by Corollary 12. 121 Consequently, for all /i G L we have that {fih + h + w)l is an (L, G)-rational Une. 
Let now fi £ L^. Then (fih + h + w) "/i = /i 7^ 0, whence again by Corollary 12. I2\ (ph + h + w. h)i 
is an (L, G)-rational plane. Thus, for all z^ € L it follows that (^/i + (z^ + l)/i + w)l is an (L, G)- 
rational line. In order to get rid of the condition // 7^ 0, we exchange the roles of h and h, yielding the 
statement for planes. 

To extend it to any symplectic space H^, note that, if /ii, /12 G H^ are nonzero elements, there 
exists an element h € Hl such that /ii • /i 7^ 0, /i2 • /i 7^ 0. Namely, let hi , /i2 be such that hi* hi 7^ 0, 
/i2 • /i2 7^ (they exist because on Hl the symplectic pairing is nondegenerate). If h2 • hi 7^ or 
hi • h2 ^ 0, we are done. Otherwise h = hi + h2 satisfies the required condition. 

Returning to the proof, if hi € Hl is nonzero, take h € Hl such that h» h ^ and hi • h ^ 0. 
First apply the Corollary to the plane (/i, /i)^, yielding that /i + w is an (L, G)-rational line, and then 
apply it to the plane {h, /ii)l, showing that hi + w is an (L, G)-rational line, as required. D 

In the next lemma it is important that the characteristic of K is greater than 2. 

Lemma 2.14. Let Hl be an (L, G)-rational symplectic space. Let h,h G Hl different from zero and 
let w,w ^ H^ such that w • w £ L^ and h + w,h + w £ ^{G). 
Then {w, w)l is an (L, G)-rational symplectic plane. 

Proof. By Corollary 12. 13l we haye that {h + w)l is an (L, G)-rational line. As {h + w) • {h + w) = 
WW € L^,by Corollary 12. 12l it follows that {w — w)l is an (L, G)-rational line. Since {—h — w)K G 
C{G), by Corollary 12. 13l we have that {—h + w)l is {L, G)-rational, and from (— /i + w)»{h-'rw) = 
WW € L^ we conclude that {w+w)l is an (L, G)-rational line. As {w—w)»{w+w) = 2ww € L^ , 
we obtain that {w + w,w — w)l = {w, w)l is an (L, G)-rational symplectic plane, as claimed. D 

We now deduce that linking is an equivalence relation between mutually orthogonal spaces. Note 
that reflexivity and symmetry are clear and only transitivity need be shown. 

Lemma 2.15. Let Hl, II cmd Jl be mutually orthogonal (L, G)-rational symplectic subspaces ofV. 
If Hl and II are (L, G)-linked and also II and Jl are (L, G)-linked, then so are Hl and Jl. 

Proof. By definition there exist nonzero /iq € Hl, io, h £ II and jo G Jl such that /iq + io € 'C(G) 
and ii + jo € C{G). There are ho G Hl and io G Jl such that ho* ho = 1 and io * io = 1- 

By Corollary 12. 131 we have, in particular, that {ho + io)L, {io + Jo)l and (ho + («o + io))L are 
(L, G)-rational lines. As (/iq + io) • {io + Jo) = 1> by Corollary 12. 121 also {ho + {io + io) + Jo)l 
is (L, G)-rational. Furthermore, due to [ho + (io + io)) • (^0 + {io + *o) + Jo) = 1. it follows that 
{{ho — ho) + Jo)l is {L, G)-rational, whence Hl and Jl are (L, G)-linked. D 
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2.5 Merging linked orthogonal (L, G')-rational symplectic subspaces 

We continue using our assumptions: K is a finite field of cliaracteristic at least 5, L <^ K a subfield, 
V a n-dimensional symplectic A'-vector space, G C GSp(y) a subgroup. In the previous section 
we established the existence of (L, G)-rational symplectic planes in many cases (after allowing a 
conjugation of G inside GSp(y)). In this section we aim at merging (L, G)-linked (L, G)-rational 
symplectic planes into (L, G)-rational symplectic subspaces. 

It is important to remark that no new conjugation of G is required. The only conjugation that is 
needed is the one from the previous section in order to have an (L, G)-rational plane to start from. 

Lemma 2.16. Let Hi and II be two (L, G)-rational symplectic subspaces ofV which are (L, G)- 
linked. Suppose that Hl and II are orthogonal to each other Then all lines in Hl © II are (L, G)- 
rational. 

Proof. The (L, G)-linkage implies the existence of hi € Hi and wi € II such that {hi + wi)k G 
C{G). By Corollary 12.131 {h + wi)l is an (L, G)-rational line for all h € Hl. The same reasoning 
now gives that {h + 'w)l is an (L, G)-rational line for all h G Hl and all w G II- □ 

In view of Lemma 12. 3 1 the above is (ii)(a). In order to obtain (ii)(b), we need to invoke a result of 
Wagner. 

Proposition 2.17. Let V be a 3-dimensional vector space over a finite field K of characteristic i > 
5, and let G C SL(y) be a group of transformations fixing a 1-dimensional vector space U. Let 
Ui,U2, Us be three distinct centres of transvections in G such that U ^ Ui (B U2 and U 7^ U3. Then 
{Ui ® U2) Ci {U ® U3) is the centre of a transvection ofG. 

Proof. This is Theorem 3.1-(a) of |Wag74[ . It is stated in a different terminology from ours. But, 
note that finite desarguian projective planes correspond to usual projective planes ¥{V), where 1/ is a 
3-dimensional vector space over a finite field (see Section 1.4, 5 of IIDem97ll . p. 28), and collineations 
of such planes correspond to linear maps (cf. Section 1.4, 10 of IIDem97ll . p. 31). D 

Proposition 2.18. Let Ui, U2, U3 € C{G) and W = Ui + U2 + U3. Assume dimW = 3, Ui and 
U2 not orthogonal and let U be a line in W n W-^ which is linearly independent from U3 and is not 
contained in Ui © U2. Then {Ui © U2) n (C/ © C/3) is a line in CiG). 

Proof. Fix transvections Ti £ G with centre Ui, i = 1,2,3. These transvections fix W; let H C 
SL(VF) be the group generated by the restrictions of the Tj to W. The condition U C VF-*- guarantees 
that the Ti fix U pointwise. Note that furtheiTnore U ^ Us and U % Ui ® U2. We can apply 
Proposition 12. 17[ and conclude that (C/i © U2) H {U ® U3) is the centre of a transvection T of H. 
This transvection fixes the symplectic plane Ui (BU2. Call Tq the restriction of T to this plane. It is a 
nontrivial transvection (since no line of Ui © U2 can be orthogonal to all C/i © C/2)- Hence by Lemma 
12:9] the line {Ui © U2) n (f/ © C/3) belongs to C{G). D 

We now deduce rationality statements from it. 
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Corollary 2.19. Let Hi be an (L, G)-rational symplectic plane and U3 and U^ be linearly independ- 
ent lines not contained in Hk. Assume U4 C Hk © U3 is orthogonal to Hk and to f/3 and assume 
that U3 G C{G). 

Then the intersection Hk H (C/3 © C/4) = Ik for some line II C Hl. 

Proof. Choose two (L, G)-rational lines C/i x, and U2,l such that Hl = Ui^l © t^2,L- With U = U^ 
we can apply Proposition |2?T8]in order to obtain that / := Hk n {U3 © U4) is a line in C{G) contained 
in Hk- As Hl is (L, G)-rational, it follows that / is (L, G)-rationalisable. D 

Corollary 2.20. Let Hi C V be an (L, G)-rational symplectic space. Let h -\- w (z C{G) with 
7^ /i € Hk and w € H]^. Then h € J~-{G). In particular, {h)K is an (L, G)-rationalisable line, i.e. 
there is ^ ^ K^ such that /i/i G Hi. 

Proof. If necessary replacing Hl by any (L, G) -rational plane contained in Hl, we may without loss 
of generality assume that Hl is an (L, G)-rational plane. Let y := h -\- w. \f w = ^, the claim follows 
from the (L, G) -rationality of Hl. Hence, we suppose w; 7^ 0. Then C/3 := (y)^: is not contained in 
Hk- Note that w is perpendicular to U^ and to ffi^, and w € -fffe ®{y)K- Hence, Corollary 12. 19 1 gives 
that the intersection Hk n (C/3 © {w)k) = {h)K is in £(G). D 

Corollary I2.20l gives the rationalisability of a line. In order to actually find a direction vector for a 
parameter in L, we need something extra to rigidify the situation. For this, we now take a second link 
which is sufficiently different from the first link. 

Corollary 2.21. Let Hl (^V be an {L, G) -rational symplectic space. Let 7^ /i G Hk and w £ Hj^ 
such that h-\-w € C{G). Suppose that there are nonzero h S Hl andw G Hj^ such that h-\-w € C{G) 
and w • w £ L^. 
Then h G Hl. 

Proof. By Corollary 12.201 there is some (3 £ K^ such that f3h G Hl. We want to show /3 G L. 
By Corollary 12.131 we may assume that h • h y^ 0, more precisely, h • {(3h) = 1; and we have 
furthermore that {h + iu)l is an (L, G) -rational line. By Corollary 12.121 (b). {h,ph)L is an {L,G)- 
rational symplectic plane contained in Hl. Let a := w • w (^ L^ . We have 

(h + w) • {h + w) = h • h + w • w = -- + c =: fi. 

If // = 0, then fi £ L and we are done. Assume fi ^ 0. By Corollary I2.12f b) it follows that 
{h + w, fJ-~^{h + w))l is an (L, G)-rational symplectic plane. Thus, {h -\- w + lJ-~^{h + w))l is 
an (L, G) -rational line. By Corollary 12.201 there is some u G K^ such that ij{h + ^i~^h) G Hl- 
Consequently, u £ L^, whence ;U G L, so that 13 £ L. D 

The main result of this section is the following merging result. 
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Proposition 2.22. Let Hl and II be orthogonal {L, G)-rational symplectic subspaces ofV that are 
(L, G)-linked. 

Then Hi © II is an (L, G)-rational symplectic subspace ofV. 

Proof. We use Lemma 1231 Part (ii)(a) follows directly from Lenrnia 12.161 We now show (ii)(b). Let 
h + w ^ C{G) with nonzero h G Hk and im G //^ be given. Corollary |Z20] yields fi,v G K^ such 
that ^h G Hl and vw G II- Let h G Hl with {iih) • /i = 1, as well as w G II with (vw) • w = 1. 
Lemma 12.161 tells us that h + w G C{G). Together with {uh) + {vw) G C{G), Corollary 12.21 [ yields 
vh G Hl, whence vh + vw G Hl © II- D 

2.6 Extending (L, G) -rational spaces 

We continue using the same notation as in the previous sections. Here, we will use the merging results 
in order to extend (L, G)-rational symplectic spaces. 

Proposition 2.23. Let Hl be a nonzero (L, G)-rational symplectic subspace ofV. Let nonzero h,h € 

Hk, w,w (z Hj^ be such that h + w,h -\- w G C{G) and w • w ^ 0. 

Then there exist a, (3 € K^ such that {aw, (3w)l is an (L, G)-rational symplectic plane which is 
(L, G)-linked with Hl- 

Proof. By Corollary 12.201 we may and do assume by scaling h + w that h G Hl. Furthermore, we 
assume by scaling h + w that w • w = 1. Then Corollary 12.21 [ yields that h G Hl. We may appeal 
to Lemma |2. 141 yielding that {w, w)l is an {L, G)-rational plane. The (L, G)-link is just given by 

h + w. U 

Corollary 2.24. Let Hl be a non-zero {L, G)-rational symplectic subspace ofV. Let nonzero h,h G 
Hk, w,w ^ H^ be such that h + w,h + w ^ ^{G) and w • w ^ 0. 

Then there is an {L, G)-rational symplectic subspace II ofV containing Hl and such that Ik = 

{Hk,w,w)k- 

Proof. This follows directly from Propositions I2.23l and 12.221 D 

Proposition 2.25. Assume {C{G))k = V- L^t Hl be a nonzero {L,G)- rational symplectic space. 
LetO^ve C{G) \ {Hk U H^). 

Then there is an {L, G)-rational symplectic space II containing Hl such that v G Ik- 

Proof. We write v = h + w with h G Hk and w G Hj^. Note that both h and w are nonzero by 
assumption. As {C{G))k = V , we may choose v G C{G) such that v • w ^ Q. We again write 
V = h + w with h G Hk and w G Hj^. 

We, moreover, want to ensure that /i 7^ 0. If /i = 0, then we proceed as follows. Corollary 12.201 
implies the existence of /i G K^ such that ^ih G Hl. Now replace h by ^ih and w be ^iw. Then 
Corollary I2.13l ensures that {h + w)l is an (L, G)-rational line. Furthermore, scale w so that {h + 
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w) •w ^ L^ , whence by Corollary 12. 121 /;. + w + w ^ ^{G)- We use this element as v instead. Note 
that it still satisfies v •w y^ Q, but now h ^ 0. 

Now we are done by Corollary 12.241 D 

Corollary 2.26. Assume {C{G))k = V, and let Hl be an (L, G)-rational symplectic space. 

Then there is an (L, G)-rational symplectic space II containing Hi such that C{G) ^ Ir^ Ir- 

Proof. Iterate Proposition 12.251 D 

2.7 Proofs of group theoretic results 

In this section we will finish the proofs of Theorem II. H and Corollaries II. 2l and ll. 31 

Lemma 2.27. Let V = Si (B ■ ■ ■ (B Sh be a decomposition of V into linearly independent, mutually 
orthogonal subspaces such that C{G) C 5*1 U • • • U Sh. 

(a) If vi,V2 € C{G) n 5i are such that wi + U2 € C{G), then for all g ^ G there exists an index 
i € {1, . . . , /i} such that g{vi) and g{v2) belong to the same Si. 

(b) If Si is (L, G)-rationalisable, then for all g ^ G there exists an index i G {1, . . . , /i} such that 

gSi C Si. 

Proof, (a) Assume that g{vi) G 5^ and g{v2) € Sj with i / j. Then g{vi) + 5(^2) = g{vi + ^2) £ 
C{G) satisfies g{vi + ^2) G 5'i © Sj, but it neither belongs to Si nor to Sj. This conti^adicts the 
assumption that C{G) (^ SiU ■ ■ ■ U Sh. 

(b) If 5i = Si^L with Si^L an (L, G)-rational space, we can apply (a) to an L-basis of Six- D 

Corollary 2.28. Let II QV be an (L, G)-rational symplectic subspace such that C{G) '^ Ik ^ Ir 
and let g £ G. Then either g{lK) = Ik or g{lK) Q Ir! in the latter case Ik H g{lK) = 0. 

Proof. This follows from Lemma [2.27 1 with Si = Ik and S2 = ij^. □ 

We are now ready to prove Theorem 11.11 

Proof of Theorem \L1\ As we assume that G contains some transvection, it follows that C{G) is 
nonempty and consequently {C{G))k is a nonzero i^-vector space stabilised by G due to Lemma l275l 
Hence, either we are in case 1. of Theorem 1 1.1 l or {C{G))k = V, which we assume now. 

From Proposition 12. 1 1 1 we obtain that there is some A G GSp(T/), a subfield L < K such that 
there is an {L, AGj4~^)-rational symplectic plane H^. Since the statements of Theorem 1 1.1 1 aie not 
affected by this conjugation, we may now assume that Hl is (L, G)-rational. 

From Corollary I2.26l we obtain an (L, G)-rational symplectic space Iil such that C{G) C li j^ u 
Iij^. If Ii,K = V, then we know due to Ii^l = L" that G contains a transvection whose direction 
is any vector of Ii^. As the trans vections generate the symplectic group, it follows that G contains 
Sp(/i,l) — Sp„(L) and we are in case 3. ofTheorem ll.il Hence, suppose now that /i x / V. 
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Either eveiy g & G stabilises Ii^k, and we are in case 1. and done, or there is g ^ G and v € /i ^ 
with g{v) /i,A'- Set /2,L := gh,L- Note that J2,l ^ ^(C) because of Lemma 12.41 Now we apply 
Corollary 12.281 to the decomposition V = Ii^k © Iik ^^'^ obtain that g{Ii^K) ^ ^ik- Moreover 
C{G) = C{gGg-^) C gl.^j, U gl^^ = hx U 1^^^- ' 

We now have /:(G) C Ii,K^l2,K^{h,K®l2,K)-^- Either Ii^k®I2,k = l^and {Ii,K®h,K)-^ = 
0, or there are two possibilities: 

• For all g ^ G, gh^L ^ h,K U l2,K- If this is the case, then G fixes the space Ii^k © I2,K, and 
we ai^e in case 1. and done. 

• There exists g ^ G, v ^ Ii^l such that g{v) ^ Iik U /2,x- Set I^^l = gli^L- Due to 
C{G) C /3_^ u I^K, we then have C{G) C /i^;^ u /2,a- U H^k U (/i,i^ © h^K © /3,x)^- 

Hence, iterating this procedure, we see that either we are in case 1., or we obtain a decomposition 
V = I\^K®- ■ ■®Ih,K with mutually orthogonal symplectic spaces such that C{G) C /i a'U- • -Ul/^ x- 

Note that Lemma 12.271 implies that G respects this decomposition in the sense that for all i € 
{1, . . . , /i} there is j € {1, ... , h} such that g{Ii^K) = Ij,K- If the resulting action of G on the index 
set {1, . . . , /i} is not transitive, then we are again in case 1., otherwise in case 2. D 

Proof of Corollarv \1.2\ Since T is compact and the topology on F^ is discrete, the image of p is a 
subgroup of GSp,^{K) for a certain finite field K of chai^acteristic £. Therefore one of the three 
possibilities of Theorem 1 1 . 1 1 holds for G := im(p). If the first holds, then p is reducible, and if the 
third holds, then im(p) contains a group conjugate to Sp„(L) for some subfield L of K. 

Assume now that the second possibility holds. We use notation as in Theorem 11.11 Let T' be 
{g £ r \ <7g{l) = 1}, the stabiliser of the first subspace. This is a closed subgroup of F of finite 
index. Choose coset representatives and write F = |Jj=x 9i^'- ^^^ ^^^ {l^i j 7 € F} contains h' 
elements, namely precisely the giSi ior i = 1, . . . ,h'. As the action of G on the decomposition is 
transitive, this set is precisely {5i, . . . , Sh}, whence h = h' . Define p' as the restriction of p to F' 
acting on ^i. Then as F-representation we have the isomorphism 

h h 

y = ®S,^^g,Si. 

i=l i=l 

Proposition (10.5) of §10^ of IICR81II implies that p = Indf , {p'). D 

Proof of Corollary \L3l Assume that G contains a subgroup conjugate (in GSp(y)) to Sp„(F^). In 
particular, G does not fix any proper subspace S C V, nor any decomposition V = 0j=x ^i ^^^'^ 
mutually orthogonal nonsingular symplectic subspaces. Hence by Theorem 1 1.1 1 there is a subfield L 
of K such that the subgroup generated by the symplectic transvections of G is conjugated (in GSp(y)) 
to Sp„(L). The other implication is cleai\ D 



17 



3 Symplectic representations with huge image 

In this section we establish Theorem 1 1.41 

3.1 (n,p)-groups 

As a generalisation of dihedral groups, in HKLSOSII . Khare, Larsen and Savin introduce so-called 
{n,p)-groups. We briefly recall some facts and some notation to be used. For the definition of {n,p)- 
groups we refer to HKLSOSL Let g be a prime number, and let Qq^/Qg be the unique unramified 
extension of Qq of degree n (inside a fixed algebraic closure Qg). Assume p is a prime such that the 
order of q modulo p is n. Recall that Qg„ ~ Ai<j"-i x C/i x q^, where /ig^-i is the group of (q" — 1)- 
th roots of unity and Ui the group of 1-units. Let ^ be a prime distinct from p and q. Assuming 
that p,q > n, in IIKLSOSH the authors construct a chai^acter Xq '■ Qg" -^ Qi that satisfies the three 
properties of the following Lemma, which is proved in HKLSOSI . Section 3.1. 
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Lemma 3.1. Let Xq ■ Qqn — > Q^ be a character satisfying: 

• Xq has order 2p. 

• Xq\fign_^xUihasorderp. 

• Xqig) = -1- 

This character gives rise to a character (which by abuse of notation we call also Xq) of Gq „ by 
means of the reciprocity map of local class field theory. 

Let pq = Ind(^ '' (xq)- Then pq is irreducible and symplectic (i.e., can be conjugated to take 
values in GSp„(Q£)j, and the image of the reduction of pq in GSp„(F£) is an {n,p)-group. 

Note that the reduction of p„ is Ind^„'' (%„), which is an irreducible representation. Here x„ is 
the composite of Xq and the projection Z^ ^» F^ . 

3.2 Regular Galois representations 

In our result we assume that our representation p is regular, which is defined as follows. 

Definition 3.2 (Regularity). Let i be a prime number, n an even natural number, V an n-dimensional 
vector space over F^ endowed with a symplectic form and p : Gq^ —^ GSp(y) a Galois representa- 
tion, and denote by Ii the inertia group at L We say that p is regular if there exists an integer s between 
1 and n, and for each i = 1, . . . ,s, a set Si of natural numbers in {0, 1, . . . ,1 — 1}, of cardinality Vi, 
with r\ + ■ ■ ■ + Tg = n, say Si = {aj^i, . . . , ai,ri}. such that the cardinality of S = Si L) ■ ■ ■ L) Sg 
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equals n (i.e. all the aij are distinct) and such that, if we denote by Bi the matrix 



Bi 



f^r 



Vo 



i^'r 



\ 



<f" / 



with ipn our fixed choice offiindamental character of niveau r^ and bi = fflj^i + ai,2^ +■ ■ ■+a. 

then 

f Bi\ * \ 

P\h ~ 



n-i 



V \B, J 

We will say that p has inertial weights at most k if S C {0, 1, ... , k}. We will say that a global 
representation p : Gq — > GSp(y) is regular if p\gq i^ regular 

Lemma 3.3. Let p : Gq^ — ?> GL„(F^) be a Galois representation which is regular with inertial 
weights at most k. Assume that i > knl + 1. Then all the nl-th powers of the characters on the 
diagonal of p\i^ are different. 

Proof. We use the notation of Definition 13.21 Assume we had that the n!-th powers of two characters 
of the diagonal coincide, say 



n!(co+ci£+---+Cr.-iri-M n\{do+dil+-+dr^^ifi ) 



^' 



where cq, . . . , c^ -i, d^, . . . , dr -i are different elements of 5i U • • • U ^^ 



Let ipnri be a fundamental character of niveau riVj such that V'i 






■ipn and ipr 



e'i -1 



V'r 



We can write the equality above as 



In other words, i^'^J — 1 divides the quantity 



^l-/-^n\{do+dii+-+dr.-ir:>-'^) 



Cn 



£nr, _ I 



n!(co + cii-\ he 



n-U 



eri-l^ 



pr,r, _ I 



n\{do + dil + --- + dr^-ir^~')\ 



Note that Cq is nonzero because modulo I it is congruent to n!(co— (io)> and by assumption all elements 

in S*! U • • • U 5*5 are in different congruence classes modulo I. But | cq + ci ^ + • • • + c^ ^ _ i ^'^ ' ~ ^ | < k{l + 

^+...+^^-1) = A:(r'-l)/(^-l). Analogously |(io + di^ + --- + 4,-ir^~^| < k{t^ -l)/{i-l). 
Thus 



Co < max{|- 



^i -1 



-n 



!(co + ci£ + --- + c,,_ir'-i)|, 



t'l — 1 ■' 



< n Kmax-^ — , — \ 



n\k 



— \<n\k (r^^'^-i + 2r»''^-2) 
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Since i-2> nlk, we have f -lyl"^ -A> n\k{i + 2) and thus Cq < n\k{t^''^~^ + 2r»^^-2) = 
n\k{i + 2)r^''^-2 < fi'-J - 1. Hence f'''^ - 1 cannot divide Cq. D 

Lemma 3.4. Le? i be a prime and (3 : Gq^ — t- GL„(Ff ) Zje a representation. Call V the ¥£-vector 
space on which (3 acts. Then there is a basis of V such that 



P\h 



( B, 



\ 



A 



B. 



where each block Bi has the form 



Bi 



(^i 



0\ 



9'2 



\0 ^rj 

for some 991 , . . . , 93^ characters of the tame inertia group. 

Proof. Consider a Jordan-Holder series of /3|/^; say it has s blocks, and call r^ the dimension of the 
i-th block as an F^-vector space. Choose a basis of V such that the first ri vectors form a basis of the 
first block Vi, the next r2 a basis of the first block in V/Vi, and so on. We get that /3|7^ will have the 
shape 



( B, 



P\h 



\ 



V \Bs J 

where each Bi is a simple block, i.e., and irreducible Gq^ -representation. To simplify notation, let us 
focus on one of the blocks; call it B. According to Proposition 4 of IISer721 . the image of the wild 
inertia group /^ „ on B is trivial. Therefore, the image of /^ by /3 is a cyclic group of order prime to 
I (because the action factors through the pro-cyclic group It of tame inertia), so we can choose a new 
basis for V such that we have 

B = 



\0 ^prj 

where the ipj are characters of the tame inertia group It. 



D 



We will now use these lemmas to study the ramification at i of an induced representation under 
the assumption of regularity and boundedness of inertial weights. 

Proposition 3.5. Let n,m,k G N, let i > kn\ + 1 be a prime, K/Q a finite extension and p : Gk —^ 
GLm^F^) be a Galois representation and a = Ind^*p an n-dimensional representation which is 
regular with inertial weights at most k. Then K/Q does not ramify at i. 
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Proof. Let us assume that K/Q ramifies in I. Write the decomposition of {€) in A'/Q as {€) = 

A^^ K^/ , where there is at least one index i with Cj > 1, say ei > 1. Let w be the extension of 

the £-adic valuation u of Q to K that corresponds to Ai . Denote by I^ the inertia group of Gq^, and 
lyj the inertia group of Gk^- Let furthermore be W the m-dimensional vector space subjacent to p 
and V the n-dimensional vector space subjacent to a. Note that V = ©^gp 7^' where F is a set of 
coset representatives of Gq/Gk- 

Since p is regular; we know that there exists a vector v ^ V which is an eigenvector for all a G Ii 
(namely the first vector of the basis from Definition I3.21 I. In particular, it is an eigenvector for all 
a G Iw On the other hand, by Lemma |33] we know that the n characters that appear on the diagonal 
of a|/^ are different (since the index [I^ : I^] \nl). This implies that all the simultaneous eigenvectors 
of Iw lie in IJ^gr '^^- Indeed, if we write T = {71, . . . , 7,.}, we can choose a Jordan-Holder series 
of a\i^ compatible with the series 71 VK C jiW © 72 VF C • • • C 71 VF © • • • © jrW = V and apply 
Lemma |34] to find a basis {vi , . . . , Vn} of V such that the first m vectors are a basis of 71 VF, the next 
m vectors or 72VF, and so on, and such that 

fipi * 1 

a|/» = 

\o v3„y 

The eigenvectors ai^e thus the elements of this basis, which belong to IJ7er 7^- 

Since v is a simultaenous eigenvector for all the a in L^, it belongs to jW for some 7 G F. Ai is 
ramified in K/Q, thus there exists cr £ Ii which does not belong to Gk- But then a{v) = (pi{v)v € 
a^W n 7VF = 0, which is a contradiction. 

D 

3.3 Representations induced in two ways 

We need a proposition concerning representations induced from different subgroups of a certain 
group G. 

Proposition 3.6. Let G be a finite group, N < G, H < G. Assume {G : N) = n, and let q > n be a 
prime. Let K be afield of characteristic coprime to \G\ containing all \G\-th roots of unity. Let S be 
a K[H]-module, x '■ ^^ ^ K^ a nontrivial character of order a power ofq, and assume 

p := Indg(S) = Ind^(x), 
and furthermore p is an irreducible K[G]-module. Then N < H. 

Following 7.2 of IISer77ll . if G is a finite group and we are given two G-modules Vi and V2, we will 
denote by {Vi, ¥2)0 '■= dimHomG'(Vi, V2). It is known (Lemma 2 of Chapter 7 of IISer77ll ) that, if 
ipi and ip2 are the characters of Vi and V2, then (^1,^2)0 = (^^i, <^2)g := y^ EgeG Vii9~^)^2{g)- 

Before giving the proof, we will first prove a lemma. 
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Lemma 3.7. Let G be a group, N < G and H < G such that (G : H) < n. Let q be a prime such 
that q > n, let K be afield of characteristic coprime to \G\ containing all \G\-th roots of unity, and 
let X '■ ^ ^ K^ be a character of order a power of q which is not trivial. Then Res^^^x '■* ^^t 
trivial. 

Proof. Assume Res^pjyX i^ trivial. Then H (1 N < kei'X- But kerx < N, and the index (A^ : 
ker x) > q- Therefore {N : H D N) > q. But on the other hand q > n > {G : H) > (HN : H) = 
[N : NnH). Contradiction. D 



Proof of Proposition \3.6\ Since p is irreducible, we have that 

1 = {p,p)g = {lnd%{S),lnd%ix))G = {S,Res%Ind%ix))H = ■■■ , 

where in the last step we used Frobenius reciprocity. Now we apply Mackey's formula on the right 
hand side; note that, since N is nomial, H\G/N c^ G/{H ■ N): 

■■■ = {S, IndgnivRes^n^(x"))H = ^ ^^' Indgn^Res^n7v(x^))H. 
Hence there is a unique 7 € G/{H ■ N) such that 

If we prove that, for all 7, Ind^n^Res^n^(x^) is irreducible, then we will have that 

5^Indgn7vRes^niv(x^) 

(for some 7), hence dim(5) = {H : HDN). But, on the other hand, since p = Ind^(S') = Ind^(x), 
we have that dim(S) ■ {G : H) = {G : N),so 

{G : HN){HN : N) _ {H : N n H) 
dim{b) - ^^ HN^^HN :H)~{N:NnH)' 

and therefore the conclusion is that {N : A^ n H) = 1, in other words, N < H. 

Therefore to conclude we only need to see that Indj|^pi;vRes^p|^(x^) is irreducible. Since conjug- 
ation by 7 plays no role here, let us just assume 7 = 1. There is a well-known criterion characterising 
when an induced representation is iiTcducible (cf. IISer771 . Proposition 23, Chapter 7). In particular, 
since ilfnA^ is normal in i7, we have that Ind^pijYRes^P^(x) is irreducible if andonly if Res^p^(x) 
is irreducible (which clearly holds) and, for all h € H/N n H, (Res^p^(x))^ is not isomorphic to 

So pick h e H\N. We have (Res^nJv(x))'' = ^es^nNix^)- Assume that Res^n^(x'') = 
Res^Pi^(x)- By Lemma [TTl it holds that x = X^ ^s characters of N. But we know that, since 
Ind^(x) is irreducible, for all a G G/N, x" / X- Now it suffices to observe that H/{H D N) ^-t- 
G/N. D 
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3.4 Proofs 

Finally we carry out the proof of Theorem 11.4 



Proof of Theorem \L4\ Let G = Imp. Since G contains a transvection, one of the following three 
possibilities holds (cf. Corollary ll.2l i: 

1. p is reducible. 

2. There exists an open subgroup H C Gq, say of index h with n/h even, and a representation 

p' -.H ^ GSp„/;,(f£) such that p ~ IndJ^p'. 

3. The group generated by the transvections in G is conjugated (in GSp„(F^)) to Sp„(F£r) for 
some exponent r. 

By Lemma ITT] there is an (n,p)-group contained in G. In particular Lemma 2.1 of HKLSOSII 
implies that G acts iiTeducibly on V, hence the first possibility cannot occur To prove the theorem, it 
suffices to see that the second possibility does not hold. 

Assume then that there exists an open subgroup H C Gq, say of index h with n/h even, and a 
representation p' : H —^ GSp„/^(F^) such that p = lndj^*^{p'). Call 5i C 1/ the subjacent space 
of p', so that we denote p = lndj^^{Si). Recall that by assumption Res^^"' (p) = Ind^^ '' (Xq)- 
We want to compute Res^*^ Indj:^''(5i). Let us apply Mackey's formula. Since we know that 

Resg"^ Indj:^'''(S'i) = Ind^^ ' (Xg) is irreducible, there can only be one summand in the formula, 
hence 

Resg^Indgn^i) = Ind^^;n/.R<,n/.(5i), 

and therefore 

^^4ZnH^^4,^nH{Si) = Indg;^ (x,). (3.1) 

From Equation (13.11 ) it follows that Gq „ < {Gq^ n H). We obtain this from Proposition I3.6l applied 
with G = p{Gq^), whose order is 2np and, hence, prime to £. 
Note that, on the one hand 

n = dimF = dim(Indj:^*^5i) = (Gq : H) dim(5i). 

On the other hand, 

n = dim(Ind^^^n^Resf^j^n^(5i)) = (Gq^ : Gq^ n ii')dim5i, 

hence (Gq : H) = (Gq^ : Gq, n H). 

Recall that H C Gq is an open subgroup of finite index, say Gal(Q/L) for a certain number 
field L. Now Gal(Q/L) n Gq, = Gal(Qg/-Lq), where q is a certain prime of L above q and Lq 
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denotes the completion of L at q. The inclusion Gq „ < Gal(Q^/iyq) means that we have the 
following field diagram: 



and [Lq : %] = {Gq^ : Gq, n H) = (Gq : H) = [L : Q], hence q is inert in L/Q. 

Let ii be a prime dividing A^^i, let L/Q be a Galois closure of L/Q, Ai a prime of L above £i and 
Ji the inertia group of Ai over Q. Since gcd(|p(/£j)|,n!) = 1 and Gal (L/Q) has order dividing n!, we 
get that the projection of p{h) C p{Ii-^) into p{Giq) / p{G i) is trivial. That is to say, p(/i) C p{Gi). 
Hence L/Q is um-amified at £i and so is L/Q. 

To sum up, we know that L can only be ramified at the primes dividing Nqi. But L cannot ramify 
at q since Lq C Q^n (and Qqn is an unramified extension of Qq). We just saw that L cannot ramify 
at the primes dividing A'^i. We also know that L cannot be ramified at £ (cf. Proposition I3.5I ). Hence 
L only ramifies at the primes dividing A''2. By the choice of q, it is completely split in L, and at the 
same time inert in L. This finishes the proof of the theorem. D 



Proof of Corollary \L5\ This follows from the main theorem of Part I ( IIAdDW121 ) concerning the 
application to the inverse Galois problem. In order to be able to apply it, there are two things to do: 

Firstly, we note that p, is maximally induced of order p at the prime q. Secondly, the existence of 
a transvection in the image of "p^ together with the special shape of the representation at q allow us to 
conclude from Theorem 1 1.4l that the image of "px i^ huge for almost all A. D 
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